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Abstract
Let F(n+l)
q2
be the (n+ l)-dimensional vector space over the finite field Fq2 , and
Un+l,n(Fq2) the singular Unitary groups of degree n+ l over Fq2 . Let M be any orbit of
subspaces under Un+l,n(Fq2). Denote by L the set of subspaces which are intersections of
subspaces in M, where the intersection of the empty set of subspaces of F(n+l)
q2
is assumed
to be F(n+l)
q2
. By ordering L by ordinary or reverse inclusion, two lattices are obtained. This
paper studies the inclusion relations between different lattices, a characterization of subspaces
contained in a given latticeL,when the lattices form a geometric lattice, and the characteristic
polynomial of L.
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1. Introduction
Let Fq be a finite field with q elements, where q is a prime power, F(n+l)q be the
(n+ l)-dimensional row vector space over the finite field Fq, and Gn+l,n be one of
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the singular classical groups of degree n+ l over Fq, i.e., Gn+l,n = Sp2ν+l,ν(Fq)
(where n = 2ν), Un+l,n(Fq) (where q = q20 ), or On+l,n(Fq) (where n = 2ν + δ, δ =
0, 1, or 2). There is an action of Gn+l,n on F(n+l)q defined as follows:
F(n+l)q ×Gn+l,n → F(n+l)q(
(x1, . . . , xn, xn+1, . . . , xn+l ), T
) → (x1, . . . , xn, xn+1, . . . , xn+l)T . (1)
Let P be an m-dimensional subspace of F(n+l)q (1  m  n+ l), and v1, v2, . . . , vm
be a basis of P. Then the m× (n+ l) matrix

v1
v2
...
vm


is called a matrix representation of P. We usually denote a matrix representation
of the m-dimensional subspace P still by P. The above action induces an action on
the set of subspaces of F(n+l)q , i.e., a subspace P is carried by T ∈ Gn+l,n into the
subspace PT . The set of subspaces of F(n+l)q is partitioned into orbits under Gn+l,n.
Clearly, {0} and {F(n+l)q } are two trivial orbits. Let M be any orbit of subspaces
under Gn+l,n. Denote the set of subspaces which are intersections of subspaces
in M by L(M) and call L(M) the set of subspaces generated by M. We agree
that the intersection of an empty set of subspaces is F(n+l)q . Then F(n+l)q ∈L(M).
Partially ordering L(M) by ordinary or reverse inclusion, we get two posets and
denote them by LO(M) or LR(M) respectively. Clearly, for any two elements
P,Q ∈LO(M),
P ∧Q = P ∩Q, P ∨Q = ∩{R ∈LO(M) : R ⊇ 〈P,Q〉},
where 〈P,Q〉 is the subspace generated by P and Q. Therefore, LO(M) is a finite
lattice.
Similarly, for any two elements P,Q ∈LR(M),
P ∧Q = ∩{R ∈LR(M) : R ⊇ 〈P,Q〉}, P ∨Q = P ∩Q,
so LR(M) is also a finite lattice. Both LO(M) and LR(M) are called the lattices
generated by M.
The purpose of this paper is to study the various latticesLO(M) andLR(M) gen-
erated by different orbits M of subspaces under singular unitary group Un+l,n(Fq2).
The contents of the study include the inclusion relations between different lattices, a
characterization of subspaces contained in a given lattice LR(M) (resp. LO(M)),
when LR(M) (resp. LO(M)) forms geometric lattice, and the characteristic poly-
nomial ofLR(M).
The results on the characteristic polynomial of geometric lattice on the lattices
generated by transitive sets of subspaces and the geometricity of lattices generated by
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orbits of subspaces under finite classical groups (nonsingular) can be found in [3,5,6–
9]. The results on the characteristic polynomial of geometric lattice on the lattices
generated by transitive sets of subspaces and the geometricity of lattices generated
by orbits of subspaces under finite singular symplectic group can be found in [4].
2. Preliminaries
In the following we recall some definitions and facts on ordered sets and lattices
(see [1,2]).
Let A be a partially ordered set, and a, b ∈ A. We say that b covers a and write
a <· b, if a < b and there exists no c ∈ A such that a < c < b. An element m ∈ A
is called a minimal element if there exists no elements a ∈ A such that a < m. If A
has a unique minimal element, denote it by 0 and we say that A is a poset with 0.
Let A be a poset with 0 and a ∈ A. If all maximal accending chains starting from
0 with endpoint a have the same finite length, this common length is called the rank
r(a) of a. If rank r(a) is defined for every a ∈ A, A is said to have the rank function
r : A→ N, where N is the set consisting of all positive integers and 0.
A poset A is said to satisfy the Jordan–Dedekind (JD) condition if any two maxi-
mal chains between the same pair of elements of A have the same finite length.
Proposition 2.1 (Proposition 2.1 of [1]). Let A be a poset with 0. If A satisfies the
JD condition then A has the rank function r : A→ N which satisfies
(i) r(0) = 0,
(ii) a <· b ⇒ r(b) = r(a)+ 1.
Conversely, if A admits a function r : A→ N satisfying (i) and (ii), then A satisfies
the JD condition with r as its rank function.
Let A be a poset with 0. An element a ∈ A is called an atom of A if 0 <· a. A
lattice L with 0 is called an atomic lattice if every element a ∈ L \ {0} is a supremum
of atoms, i.e., a = sup{b ∈ L|0 <· b  a}.
Proposition 2.2. Let L be a finite lattice with 0. Then L is an atomic lattice if and
only if every element of L \ {0} is a union of atoms.
Let L be a lattice with 0. L is called a geometric lattice if:
G1 for every element a ∈ L \ {0}, a = sup{b ∈ L | 0 <· b  a},
G2 L possesses a rank function r and for all x, y ∈ L,
r(x ∧ y)+ r(x ∨ y)  r(x)+ r(y), (2)
G3 there does not exist infinite chains in L.
246 Y. Gao / Linear Algebra and its Applications 368 (2003) 243–268
Let Fq2 be a finite field with q2 elements where q = pα. Fq2 has an involutive
automorphism a → a¯ = aq, whose fixed field is Fq . Assume that n, l are nonnega-
tive integer. Let
Il =
(
I (n) 0
0 0(l)
)
.
The singular unitary group of degree n+ l over Fq2 , denote by Un+l,n(Fq2) consists
of all (n+ l)× (n+ l) matrices T such that
T IlT
t = Il
If l = 0, Un+l,n(Fq2) = Un(Fq2) is the unitary group of degree n and if n = 0,
Un+l,n(Fq2) = GLl (Fq2) is the general linear group of degree l.
The vector space F(n+l)
q2
together with the action of Un+l,n(Fq2) as in (1) is called
the singular unitary space over Fq2 . Let e1, e2, . . . , en, en+1, . . . , en+l , where
ei =
(
0, . . . , 0, 1, 0, . . . , 0
)
i
,
be a basis of F(n+l)
q2
and denote by E the l-dimensional subspace of F(n+l)
q2
generated
by en+1, en+2, . . . , en+l . An m-dimensional subspace P is called a subspace of type
(m, r, k) if
(i) PIlP t is cogredient to M(m, r) =
(
I (r)
0(m−r)
)
, and
(ii) dim(P ∩ E) = k.
Denote the set of all subspaces of type (m, r, k) in F(n+l)
q2
byM(m, r, k; n+ l, n).
By [10, Theorem 5.23] we know thatM(m, r, k; n+ l, n) is nonempty if and only if
0  k  l and 2r  2(m− k)  n+ r (3)
or
max
{
0,
2m− n− r
2
}
 k  min{l, m− r}. (4)
Moreover, if M(m, r, k; n+ l, n) is nonempty, then it forms an orbit of subspaces
under Un+l,n(Fq2). Let L(m, r, k; n+ l, n) denote the set of subspaces which are
intersections of subspaces in M(m, r, k; n+ l, n) and agree that the intersection of
an empty set of subspaces is F(n+l)
q2
. Partially ordering L(m, r, k; n+ l, n) by ordi-
nary or reverse inclusion, we get two finite lattices and denote them by LO(m, r, k;
n+ l, n) and LR(m, r, k; n+ l, n) respectively.
Denote byM(m, l) the orbit formed by all m-dimensional subspaces in F(l)
q2
under
GLl(Fq2) and denote by L(m, l) the set of subspaces which are intersections of
subspaces in M(m, l). Same as above we get two finite lattices and denote them by
LO(m, l) and LR(m, l) respectively.
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Let M(m, r; n) denote the orbit formed by all subspaces of type (m, r) under
Un(Fq2), and L(m, r; n) the set of subspaces which are intersections of subspaces
in M(m, r; n). By the same way we get two finite lattices and denote them by
LO(m, r; n) and LR(m, r; n) respectively.
3. The inclusion relations between different lattices
Lemma 3.1. Let n, l be nonnegative integers and n+ l > 0. Assume that (m, r, k)
satisfies 0  k < l, 2r  2(m− k)  n+ r and 1  m < n+ l. Then
LR(m, r, k; n+ l, n) ⊃LR(m− 1, r, k − 1; n+ l, n).
Proof. If l = 1, then M(m− 1, r, k − 1; n+ l, n) = ∅. Hence LR(m− 1, r,
k − 1; n+ l, n) = {F(n+l)
q2
} ⊂LR(m, r, k; n+ l, n). Now suppose that l  2. We
need only to show that
M(m− 1, r, k − 1; n+ l, n) ⊂LR(m, r, k; n+ l, n).
Let P ∈M(m− 1, r, k − 1; n+ l, n) and assume that
P =
(
P11 P12
0 P22
)
(m−1)−(k−1)
k−1
n l
,
where rankP11 = (m− 1)− (k − 1), rankP22 = k − 1, and P11P t11 = M(m− k,
r). Let vn+1, . . . , vn+(k−1) be the k − 1 row vectors of the matrix (0 P22). Since
dim(P ∩ E) = k − 1, there exist l − (k − 1)  2 row vectors vn+k, . . . , vn+l
such that 〈vn+1, . . . , vn+(k−1), vn+k, . . . , vn+l〉 = E. Let
P1 =
(
P
vn+k
)
, P2 =
(
P
vn+k+1
)
.
It is obvious that P1, P2 ∈M(m, r, k; n+ l, n) and P = P1 ∩ P2 ∈LR(m, r, k;
n+ l, n). 
Lemma 3.2. Let n, l be nonnegative integers and n+ l > 0. Assume that (m, r, k)
satisfies condition (3) and 1  m < n+ l. Then
LR(m, r, k; n+ l, n) ⊃LR(m− 1, r, k; n+ l, n).
Proof. If m− k − r = 0, then (m− 1, r, k) does not satisfy the condition (3),
so M(m− 1, r, k; n+ l, n) = ∅, hence LR(m− 1, r, k; n+ l, n) = {F(n+l)q2 } ⊂
LR(m, r, k; n+ l, n). Now suppose that m− k > r, then 2r  2(m− 1 − k) 
n+ r,M(m− 1, r, k; n+ l, n) /= ∅. We need only to show that
M(m− 1, r, k; n+ l, n) ⊂LR(m, r, k; n+ l, n).
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Let P ∈M(m− 1, r, k; n+ l, n) and assume that
P =
(
P11 P12
0 P22
)
(m−1)−k
k
n l
,
where rankP11 = (m− 1)− k, rankP22 = k, and P11P t11 = M(m− 1 − k, r). Let
δ = (m− 1)− k − r. There exist δ × n matrix X and (n− r − 2δ)× n matrix Y
such that
P11X
Y



P11X
Y


t
=


I (r)
0 I (δ)
I (δ) 0
H

 ,
where
H =


(
0 I (s)
I (s) 0
)
if m− r − 2δ = 2s,

 0 I (s)I (s) 0
1

 if m− r − 2δ = 2s + 1.
Since 2(m− k)  n+ r , n− r − 2δ = n+ r − 2(m− k)+ 2  2, i.e., dimY  2.
Let Y1, Y2 be the first and second rows of Y respectively and let
Pi =

P11 P12Yi 0
0 P22

 (i = 1, 2).
Then Pi ∈M(m, r, k; n+ l, n) and P = P1 ∩ P2 ∈LR(m, r, k; n+ l, n). 
Lemma 3.3. Let n, l be nonnegative integers and n+ l > 0. Assume that (m, r, k)
satisfies condition (3) and 1  m < n+ l. If 2  r < n, then
LR(m, r, k; n+ l, n) ⊃LR(m− 1, r − 2, k; n+ l, n).
Proof. Since (m− 1, r − 2, k) satisfies condition (3), M(m− 1, r − 2, k; n+ l,
n) /= ∅. Let P ∈M(m− 1, r − 2, k; n+ l, n) and assume that
P =
(
P11 P12
0 P22
)
(m−1)−k
k
n l
,
where rankP11 = (m− 1)− k, rankP22 = k, and P11P t11 = M(m− 1 − k, r − 2).
Let δ1 = (m− 1 − k)− (r − 2). Note that δ1 = m− k − r + 1  1. There exist
δ1 × n matrix X and (n− 2δ1 − r + 2)× n matrix Y such that
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
P11X
Y



P11X
Y


t
=


I (r−2)
0 I (δ1)
I (δ1) 0
H1

 ,
where
H1 =


(
0 I (s1)
I (s1) 0
)
if m− r − 2δ1 + 2 = 2s1,

 0 I (s1)I (s1) 0
1

 if m− r − 2δ1 + 2 = 2s1 + 1.
(i) If m− k = r, then δ1 = 1. Since r < n, n− 2δ1 − r + 2  1. Let Y1 be the first
row of Y and let
P1 =

P11 P12X 0
0 P22

 , P2 =

 P11 P12X + Y1 0
0 P22

 .
Then PiIlP
t
i = M(m, r) (i = 1, 2) and dim(Pi ∩ E) = dim(P ∩ E) = k.Hence
Pi ∈M(m, r, k; n+ l, n) and P = P1 ∩ P2 ∈LR(m, r, k; n+ l, n).
(ii) If m− k > r, then δ1  2, take the first row X1 and the second row X2 of X and
set
Pi =

P11 P12Xi 0
0 P22

 (i = 1, 2).
Then PiIlP
t
i = M(m, r) and dim(Pi ∩ E) = dim(P ∩ E) = k. Hence Pi ∈
M(m, r, k; n+ l, n) and P = P1 ∩ P2 ∈LR(m, r, k; n+ l, n). 
Lemma 3.4. Let n, l be nonnegative integers and n+ l > 0. Assume that (m, r, k)
satisfies 0  k  l, 2r  2(m− k) < n+ r and 1  m < n+ l. If 1  r, then
LR(m, r, k; n+ l, n) ⊃LR(m− 1, r − 1, k; n+ l, n).
Proof. Since (m− 1, r − 1, k) satisfies condition (3), M(m− 1, r − 1, k; n+ l,
n) /= ∅. Let P ∈M(m− 1, r − 1, k; n+ l, n) and assume that
P =
(
P11 P12
0 P22
)
(m−1)−k
k
n l
,
where rankP11 = (m− 1)− k, rankP22 = k, and P11P t11 = M(m− 1 − k, r − 1).
Let δ2 = (m− 1 − k)− (r − 1). There exist δ2 × n matrix X and (n− 2δ2 − r +
1)× n matrix Y such that
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
P11X
Y



P11X
Y


t
=


I (r−1)
0 I (δ2)
I (δ2) 0
I (n−2δ2−r+1)

 .
Since 2r  2(m− k) < n+ r, r < n and n− 2δ2 − r + 1 = (n+ r)− 2(m− k)+
1  2. Let Y1, Y2 be the first and second rows of Y respectively and let
Pi =

P11 P12Yi 0
0 P22

 (i = 1, 2).
Then PiIlP
t
i = M(m, r) and dim(Pi ∩ E) = dim(P ∩ E) = k. Hence Pi ∈M(m,
r, k; n+ l, n) and P = P1 ∩ P2 ∈LR(m, r, k; n+ l, n). 
Theorem 1. Let n, l be nonnegative integers and n+ l > 0. Assume that (m, r, k)
and (m1, r1, k1) satisfy condition (3) and m,m1 /= n+ l, and that when 2(m− k)
= n+ r, (m1, r1, k1) satisfies (m1 − k1, r1) /= (m− k − t − 1, r − 2t − 1) for some
integer t with 0  t  [(r − 1)/2]. Then
LR(m, r, k; n+ l, n) ⊃LR(m1, r1, k1; n+ l, n)
iff
r = r1 = n, k1  k < l (5)
or
r < n, k1 = k = l, and 2m− 2m1  r − r1  0 (6)
or
r < n, k1  k < l, and 2(m− k)− 2(m1 − k1)  r − r1  0. (7)
Proof. “⇐” First, suppose that (m1, r1, k1) satisfies condition (5), then (m1 − k1,
r1) /= (m− k − t − 1, r − 2t − 1) for any integer t with 0  t  [(r − 1)/2]. We
should show that
LR(m, n, k; n+ l, n) ⊃LR(m1, n, k1; n+ l, n).
Let k − k1 = h. Then h  0. Since r = r1 = n,m = n+ k,m1 = n+ k1,m−m1 =
k − k1 = h. By Lemma 3.1, we have
LR(m, n, k; n+ l, n) ⊃LR(m− 1, n, k − 1; n+ l, n)
⊃ · · ·
⊃LR(m− h, n, k − h; n+ l, n)
=LR(m1, n, k1; n+ l, n).
Next, suppose that (m1, r1, k1) satisfies condition (6). Since (m1, r1, k1) satisfies
condition (3), M(m1, r1, k1; n+ l, n) /= ∅. Let r − r1 = 2t + s, where t  0 and
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s = 0 or 1, and let m−m1 = t + t ′, where t ′  0, we have 2t ′  s. If t ′ = 0, then
s = 0. When t = 0, we have
LR(m, r, l; n+ l, n) ⊃LR(m1, r1, l; n+ l, n).
When t > 0, if 1  i  t, then 2(r − 2i)  2(m− i − l)  n+ r − 2i. By
Lemma 3.3, we have
LR(m, r, l; n+ l, n) ⊃LR(m− 1, r − 2, l; n+ l, n)
⊃ · · ·
⊃LR(m− t, r − 2t, l; n+ l, n)
=LR(m1, r1, l; n+ l, n).
Now suppose that t ′ > 0. When t = 0, we have
LR(m, r, l; n+ l, n) =LR(m1 + t ′, r1 + s, l; n+ l, n).
When t > 0, by Lemma 3.3, we have
LR(m, r, l; n+ l, n) =LR(m1 + t + t ′, r1 + 2t + s, l; n+ l, n)
⊃LR(m1 + t − 1 + t ′, r1 + 2(t − 1)+ s, l; n+ l, n)
⊃ · · ·
⊃LR(m1 + t ′, r1 + s, l; n+ l, n).
If s = 0, then
LR(m1 + t ′, r1 + s, l; n+ l, n) =LR(m1 + t ′, r1, l; n+ l, n).
Notice that from 2r1  2(m1 + t ′ − l)  n+ r1, and 2r1  2(m1 − l)  n+ r1,we
deduce 2r1  2(m1 + i − l)  n+ r1 for 1  i  t ′. By Lemma 3.2, we have
LR(m1 + t ′, r1, l; n+ l, n) ⊃LR(m1 + t ′ − 1, r1, l; n+ l, n)
⊃ · · ·
⊃LR(m1, r1, l; n+ l, n).
If s = 1, then
LR(m1 + t ′, r1 + s, l; n+ l, n) =LR(m1 + t ′, r1 + 1, l; n+ l, n).
Notice that from 2r1  2(m1 − l), we deduce 2(r1 + 1)  2(m1 + 1 + i − l) for
0  i  t ′ − 1. By Lemma 3.2, we have
LR(m1 + t ′, r1 + 1, l; n+ l, n) ⊃LR(m1 + t ′ − 1, r1 + 1, l; n+ l, n)
⊃ · · ·
⊃LR(m1 + 1, r1 + 1, l; n+ l, n).
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If 2(m1 + 1 − l) < n+ (r1 + 1), then by Lemma 3.4, we have
LR(m1 + 1, r1 + 1, l; n+ l, n) ⊃LR(m1, r1, l; n+ l, n).
If 2(m1 + 1 − l) = n+ (r1 + 1), then from 2(m1 + t ′ − l)  n+ (r1 + 1) we
deduce t ′ = 1. Hence (m1 − l, r1) = (m− l − t − 1, r − 2t − 1) and 0  t 
[(r − 1)/2]. From 2(m1 + 1 − l) = n+ (r1 + 1), i.e., 2(m− l − t) = n+ r − 2t,
we deduce 2(m− l) = n+ r , which is the case to be excluded.
Finally, suppose that (m1, r1, k1) satisfies condition (7). Since (m1, r1, k1) sat-
isfies condition (3), M(m1, r1, k1; n+ l, n) /= ∅. Let r − r1 = 2t + s, k − k1 = h,
and m−m1 = h+ t + t ′, where t  0, s = 0 or 1, h  0, t ′  0. If h = 0, then
k = k1. Similarly, we have
LR(m, r, k; n+ l, n) ⊃LR(m1, r1, k1; n+ l, n).
If h > 0, from 2r  2(m− k)  n+ r, we deduce (m− i, r, k − i) satisfies condi-
tion (3) for 1  i  h. By Lemma 3.1, we have
LR(m, r, k; n+ l, n) ⊃LR(m− 1, r, k − 1; n+ l, n)
⊃ · · ·
⊃LR(m− h, r, k − h; n+ l, n)
=LR(m1 + t + t ′, r, k1; n+ l, n)
=LR(m1 + t + t ′, r1 + 2t + s, k1; n+ l, n).
Similarly, we also have
LR(m1 + t + t ′, r1 + 2t + s, k1; n+ l, n) ⊃LR(m1, r1, k1; n+ l, n).
Hence
LR(m, r, k; n+ l, n) ⊃LR(m1, r1, k1; n+ l, n).
“⇒” Suppose that LR(m, r, k; n+ l, n) ⊃LR(m1, r1, k1; n+ l, n). Since
(m1, r1, k1) satisfies condition (3), M(m1, r1, k1; n+ l, n) /=∅. As M(m1, r1, k1;
n+ l, n) ⊂LR(m1, r1, k1; n+ l, n), we have M(m1, r1, k1; n+ l, n) ⊂LR(m,
r, k; n+ l, n). So for any Q ∈M(m1, r1, k1; n+ l, n),Q /= F(n+l)q2 ,Q is the inter-
section of subspaces in M(m, r, k; n+ l, n).
(1) If r = n, then k < l. In this caseQ is a subspace of type (m1, n, k1) (i.e., r1 = n).
There exists P ∈M(m, n, k; n+ l, n) such that Q ⊂ P, hence Q ∩ E ⊂ P ∩
E, k1 = dim(Q ∩ E)  dim(P ∩ E) = k. Therefore, we have r = r1 = n, k1 
k < l, i.e., condition (5) holds.
(2) If r < n, let P ∈M(m, r, k; n+ l, n) such that P ⊃ Q. Then Q ∩ E ⊂ P ∩ E,
and k1 = dim(Q ∩ E)  dim(P ∩ E) = k. If k = l,Q is the intersection of sub-
spaces inM(m, r, l; n+ l, n). Write Q =⋂i∈I Pi (I is a finite set), where Pi ∈
M(m, r, l; n+ l, n). Since dim(Pi ∩ E) = l, Pi ⊃ E. So k1 = dim(Q ∩ E) =
dim[(⋂i∈I Pi) ∩ E] = dimE = l = k.
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Assume
P =
(
P11 P12
0 P22
)
m−k
k
n l
where rankP11 = m− k, rankP22 = k, and P11P t11 = M(m− k, r). It is known
(0 P22) is a matrix representation of subspace P ∩ E. Since Q ∩ E ⊂ P ∩ E, there
is certainly a k1 × k matrixQ22 with rankQ22 = k1 such that (0 Q22P22) is a matrix
representation of subspace Q ∩ E. Thus we can assume
Q =
(
Q11 Q12
0 Q22
)(
P11 P12
0 P22
)
,
where Q11 is a (m1 − k1)× (m− k) matrix with rank m1 − k1. Further, we have
QIlQ
t =
(
Q11M(m− k, r)Qt11
0(k1)
)
.
Because Q is a subspace of type (m1, r1, k1), we can assume
Q11M(m− k, r)Qt11 = M(m1 − k1, r1).
Then Q11 can be considered as a subspace of type (m1 − k1, r1) in singular Unitary
space F(r+(m−r−k))
q2
. Hence [2(m1 − k1)− r − r1]/2  m− r − k, i.e., 2(m− k)−
2(m1 − k1)  r − r1  0. The conditions (6) and (7) hold. 
Theorem 2. Let n, l be nonnegative integers and n+ l > 0. Assume that (m, r, k)
satisfies 0  k  l, 2r  2(m− k) = n+ r,and (m1, r1, k1) satisfies (m1 − k1, r1) =
(m− k − t − 1, r − 2t − 1) for some integer t with 0  t  [(r − 1)/2]. Then
LR(m, r, k; n+ l, n) LR(m1, r1, k1; n+ l, n).
Proof. Since 2r  2(m− k) = n+ r,2(r − 2t − 1)  2(m− k− t − 1)  n+ (r −
2t − 1) andM(m1, r1, k1; n+ l, n) /= ∅. Let P ∈M(m1, r1, k1; n+ l, n), i.e., P is
a subspace of type (m− k − t − 1 + k1, r − 2t − 1, k1),where 0  t  [(r − 1)/2],
and assume that
P =
(
P11 P12
0 P22
)
m1−k1
k1
n l
,
where rankP11 = m1 − k1, rankP22 = k1, and P11P t11 = M(m1 − k1, r1). Let δ =
(m1 − k1)− r1 = m− k − r + t. There exist δ × n matrix X and (n+ r − 2(m−
k)+ 1)× n matrix Y such that
P11X
Y



P11X
Y


t
=


I (r−2t−1)
0 I (m−k−r+t)
I (m−k−r+t) 0
I (n+r−2(m−k)+1)

 .
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Since 2(m− k) = n+ r, dimY = 1. A subspace of dimension m containing P is
necessarily of the form


P11 P12
x1 + a1Y
x2 + a2Y
...
0
xt+1 + at+1Y
0 P22
0 P ′22


m−k−t−1
t + 1
k1
k−k1
n l
, (8)
where xi ∈ X and ai ∈ Fq2 (i = 1, 2, . . . , t + 1). Write
P11 =
(
P ′11
P ′′11
)
r−2t−1
m−k−r+t
then
P ′11X
t = 0, P ′′11Xt = I (m−k−r+t), P11Y t = 0.
Thus


P11
x1 + a1Y
x2 + a2Y
...
xt+1 + at+1Y




P11
x1 + a1Y
x2 + a2Y
...
xt+1 + at+1Y


t
=


I (r−2t−1)
0 P ′′11


x1
x2
...
xt+1


t


x1
x2
...
xt+1

P ′′11t


a1
a2
...
at+1




a1
a2
...
at+1


t


.
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If (8) is a subspace of type (m, r, k), thus

P11
x1 + a1Y
x2 + a2Y
...
xt+1 + at+1Y


is a subspace of type (m− k, r). Then we have necessarily
rank


x1
x2
...
xt+1

 = t.
Therefore we can assume that x1, x2, . . . , xt are linearly independent and xt+1 = 0,
and then we must have at+1 /= 0. We can further assume that a1 = a2 = · · · = at =
0 and at+1 /= 0. Thus (8) is of the form

P11 P12
x1
x2
...
0
xt
Y
0 P22
0 P ′22


m−k−t−1
t + 1
k1
k−k1
n l
(9)
where x1, x2, . . . , xt are linearly independent vectors of X. Clearly, the intersection
of subspaces of the form (9) cannot be P, i.e., P ∈LR(m1, r1, k1; n+ l, n), but
P ∈LR(m, r, k; n+ l, n). 
4. Characterization of subspaces in (n+l)
q2
contained in LR(m, r, k;n+ l, n)
Theorem 3. Let n, l be nonnegative integers and n+ l > 0. Assume that (m, r, k)
satisfies condition (3) and 1  m < n+ l.
(1) LR(m, n, k; n+ l, n) consists of F(n+l)q2 and all subspaces of type (m1, n, k1)
with m1 − k1 = n and 0  k1  k < l.
(2) If 2(m− l) < n+ r, then LR(m, r, l; n+ l, n) where r < n consists of F(n+l)q2
and all subspaces of (m1, r1, l) with 2(m− l)− 2(m1 − l)  r − r1  0
and 2r1  2(m1 − l)  n+ r1. If 2(m− l) = n+ r, then LR(m, r, l; n+ l, n)
where r < n consists of F(n+l)
q2
and all subspaces of (m1, r1, l) with
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2(m− l)− 2(m1 − l)  r − r1  0, 2r1  2(m1 − l)  n+ r1 and (m1 − l,
r1) /= (m− l − t − 1, r − 2t − 1) for some integer t  0.
(3) If 2(m− k) < n+ r, thenLR(m, r, k; n+ l, n) where r < n and k < l consists
of F(n+l)
q2
and all of type (m1, r1, k1), where (m1, r1, k1) satisfies{
2(m− k)− 2(m1 − k1)  r − r1  0, 0  k1  k,
0  k1 < l, 2r1  2(m1 − k1)  n+ r1. (10)
If 2(m− k) = n+ r, thenLR(m, r, k; n+ l, n) where r < n and k < l consists
of F(n+l)
q2
and all subspaces of (m1, r1, k1), where (m1, r1, k1) satisfies condition
(10) and
(m1 − k1, r1) /= (m− k − t − 1, r − 2t − 1) for some integer t  0. (11)
Proof. (1) By the agreement, F(n+l)
q2
∈LR(m, n, k; n+ l, n). Let Q be a subspace
of type (m1, n, k1) with m1 − k1 = n and 0  k1  k < l. By Theorem 1, we have
LR(m, n, k; n+ l, n) ⊃LR(m1, n, k1; n+ l, n).
Since Q ∈M(m1, n, k1; n+ l, n) ⊂LR(m1, n, k1; n+ l, n), Q ∈LR(m, n, k;
n+ l, n).
Conversely, if Q ∈LR(m, n, k; n+ l, n), by the proof of the necessity of The-
orem 1 we know that r1 = n and 0  k1  k < l. Since (m1, n, k1) should satisfy
condition (3), m1 − k1 = n. Hence (m1, r1, k1) satisfies that r1 = n, m1 − k1 = n
and 0  k1  k < l.
(2) By the agreement, F(n+l)
q2
∈LR(m, r, l; n+ l, n). Let Q be a subspace of type
(m1, r1, l) with 2(m− l)− 2(m1 − l)  r − r1  0, 2r1  2(m1 − l)  n+ r1 and
if 2(m− l) = n+ r, then (m1 − l, r1) /= (m− l − t − 1, r − 2t − 1) for some inte-
ger t  0. By Theorem 1 we have
Q ∈M(m1, r1, l; n+ l, n) ⊂LR(m1, r1, l; n+ l, n)
⊂LR(m, r, l; n+ l, n).
Conversely, if Q ∈LR(m, r, l; n+ l, n) and Q /= F(n+l)q2 , then Q is a subspace
of type (m1, r1, k1). Since Q is the intersection of subspaces inM(m, r, l; n+ l, n),
there is P ∈M(m, r, l; n+ l, n) such that Q ⊂ P. By the proof of the necessity of
Theorem 1 and proof of Theorem 2, we know that k1 = l and (m1, r1, l) satisfies that
2(m− l)− 2(m1 − l)  r − r1  0, 2r1  2(m1 − l)  n+ r1 and if 2(m− l) =
n+ r, then (m1 − l, r1) /= (m− l − t − 1, r − 2t − 1) for some integer t  0.
(3) By the agreement, F(n+l)
q2
∈LR(m, r, k; n+ l, n) where r < n, k < l. Let Q
be a subspace of type (m1, r1, k1) where (m1, r1, k1) satisfies conditions (10) and
(11). By Theorem 1, we have
Q ∈M(m1, r1, k1; n+ l, n) ⊂LR(m1, r1, k1; n+ l, n)
⊂LR(m, r, k; n+ l, n).
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Conversely, if Q ∈LR(m, r, k; n+ l, n) and Q /= F(n+l)q2 , then Q is a subspace
of type (m1, r1, k1). Since Q is the intersection of subspaces inM(m, r, k; n+ l, n),
there is P ∈M(m, r, k; n+ l, n) such that Q ⊂ P. By the proof of the necessity
of Theorem 1 and proof of Theorem 2, we know that (m1, r1, k1) satisfies condi-
tion (10), and if 2(m− k) = n+ r, then (m1 − k1, r1) /= (m− k − t − 1, r − 2t −
1) for some integer t  0. 
Corollary 4.1. Let n, l be nonnegative integers and n+ l > 0. Assume that (m, r, k)
satisfies
0  k < l, 2r  2(m− k)  n+ r < 2n. (12)
Then {0} ∈LR(m, r, k; n+ l, n).
Proof. If 2(m− k) < n+ r or 2(m− k) = n+ r and there does not exist t  0
such that (0, 0) = (m− k − t − 1, r − 2t − 1), then the corollary follows immedi-
ately from Theorem 3. For the case 2(m− k) = n+ r, it is sufficient to prove that
there does not exist t  0 such that m− k = t + 1 and r = 2t + 1.
Assume that 2(m− k) = n+ r and there exists a t  0 such that m− k = t + 1
and r = 2t + 1, then r = 2(m− k)− 1. Thus n = 2(m− k)− r = 1. By condition
(12), we have m− k = 0 and r = 0, which contradicts the assumption 2(m− k) =
n+ r. 
Corollary 4.2. Let n, l be nonnegative integers and n+ l > 0. Assume that (m, n, k)
satisfies condition (3) and 1  m < n+ l. If P ∈LR(m, n, k; n+ l, n), P /=
F
(n+l)
q2
, and Q is a subspace of type (m1, n, k1) contained in P, then Q ∈LR(m, n,
k; n+ l, n).
Corollary 4.3. Let n, l be nonnegative integers and n+ l > 0. Assume that (m, r, l)
satisfies condition (3) and 1  m < n+ l. Let P ∈LR(m, r, l; n+ l, n), P /=
F
(n+l)
q2
, and Q is a subspace of type (m1, r1, l) contained in P. If 2(m− l) < n+ r,
then Q ∈LR(m, r, l; n+ l, n); If 2(m− l) = n+ r and (m1 − l, r1) /= (m− l −
t − 1, r − 2t − 1) for some integer t with 0  t  [(r − 1)/2], then Q ∈LR(m,
r, l; n+ l, n).
Corollary 4.4. Let n, l be nonnegative integers and n+ l > 0. Assume that (m, r, k)
satisfies condition (12) and 1  m < n+ l. Let P ∈LR(m, r, k; n+ l, n), P /=
F
(n+l)
q2
, and Q is a subspace of type (m1, r1, k1) contained in P. If 2(m− k) <
n+ r, then Q ∈LR(m, r, l; n+ l, n); If 2(m− k) = n+ r and (m1 − k1, r1) /=
(m− k − t − 1, r − 2t − 1) for some integer t with 0  t  [(r − 1)/2], then Q ∈
LR(m, r, k; n+ l, n).
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Corollary 4.5. Let n, l be nonnegative integers and n+ l > 0. Then
LR(n+ l − 1, n, l − 1; n+ l, n) ∪LR(n− 1 + l, n− 1, l; n+ l, n)
∪LR(n− 1 + l, n− 2, l; n+ l, n)
∪LR(n− 1 + l − 1, n− 1, l − 1; n+ l, n)
∪LR(n− 1 + l − 1, n− 2, l − 1; n+ l, n) =LR(n+ l, Fq2), (13)
where LR(n+ l, Fq2) is the lattice consisting of all subspaces in F(n+l)q2 by the par-
tially ordering of reverse inclusion.
Proof. It is obvious that the left side of Eq. (13) is contained in LR(n+ l, Fq2).
Now suppose that P ∈LR(n+ l, Fq2). If P = F(n+l)q2 , then P is contained in every
set on the left of Eq. (13). If P /= F(n+l)
q2
, then P is a subspace of type (m, r, k).When
r = n, k < l. Since (m, n, k) satisfies condition (3), m− k = n. So P ∈LR(n+
l − 1, n, l − 1; n+ l, n). When k = l, r < n. Since (m, r, l) satisfies condition (3),
2r  2(m− l)  n+ r. If r = n− 1, then m = n− 1 + l and P ∈M(n− 1 + l,
n− 1, l; n+ l, n) ⊂LR(n− 1 + l, n− 1, l; n+ l, n). If r  n− 2, when there
does not exist t  0 such that (m− l, r) = (n− 1 + l − l − t − 1, n− 2 − 2t − 1),
since 2[((n− 1 + l)− l)− (m− l)]  2(n− 1)− (n+ r) = (n− 2)− r  0, P ∈
LR(n− 1 + l, n− 2, l; n+ l, n); when there exists a t  0 such that (m− l, r) =
(n− 1 + l − l − t − 1, n− 2 − 2t − 1), then r = 2(m− l)− n+ 1 and 2(m− l) <
n+ r. So 2[((n− 1 + l)− l)− (m− l)] > 2(n− 1)− (n+ r), i.e., 2[((n− 1 +
l)− l)− (m− l)]  (n− 1)− r > 0, we have P ∈LR(n− 1 + l, n− 1, l; n+ l,
n). When k < l and r < n, similarly, we can prove P ∈LR(n− 1 + l − 1, n− 1,
l − 1; n+ l, n) or P ∈LR(n− 1 + l − 1, n− 2, l − 1; n+ l, n).
Summarizing the above arguments, we obtain Eq. (13). 
5. The geometricity of lattices LO(m, r, k;n+ l, n) and LR(m, r, k;n+ l, n)
The consequences of Theorem 3 and corollaries are still true if we substitute the
lattice LR(m, r, k; n+ l, n) by LO(m, r, k; n+ l, n). By Corollaries 4.2 and 4.3
we easily obtain the following two lemmas.
Lemma 5.1. If 0 < k < l, then
(i) LR(n+ k, n, k; n+ l, n)  LR(k, l),LO(n+ k, n, k; n+ l, n)  LO(k, l);
(ii) LR(k, 0, k; n+ l, n)  LR(k, l),LO(k, 0, k; n+ l, n)  LO(k, l).
Lemma 5.2. If 0  r < n, 2r  2(m− l)  n+ r, then
(i) LR(m, r, l; n + l, n)  LR(m − l, r; n),LO(m, r, l; n + l, n)  LO(m − l,
r; n);
(ii) LR(m, r, 0; n+ l, n)  LR(m, r; n),LO(m, r, 0; n+ l, n)  LO(m, r; n).
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Lemma 5.3. Let V and U be subspaces of type (m1, r1, k1) and (m2, r2, k2) respec-
tively where (m1, r1, k1) and (m2, r2, k2) satisfy condition (3). Assume that V ⊃ U.
Then there is a matrix representation V of the subspace V such that
V IlV
t =


I (r2)
0 0 I (s)
0 0(δ1) 0
I (s) 0 0
I (r3)
0(δ2)
0(k2)
0(k1−k2)


, (14)
where s, r3 are nonnegative integers, δ1 = (m2 − k2)− r2 − s  0, δ2 = (m1 −
k1)− (m2 − k2)− s − r3  0, r1 = r2 + 2s + r3. Let v1, v2, . . . , vm1−k1 , . . . , vm1
be row vectors of V where 〈vm1−k1+1, . . . , vm1〉 ⊂ E. Then U = 〈v1, . . . , vm2−k2 ,
vm1−k1+1, . . . , vm1−k1+k2〉. Moreover, 2(m1 − k1)− 2(m2 − k2)  r1 − r2  0 and
k1  k2.
The proof of Lemma 5.3 is similar to the one of Lemma 5.3 in [4] and will be
omitted.
Theorem 4. Let n, l be nonnegative integers and n+ l > 0. Assume that (m, r, k)
satisfies condition (3) and 1  m < n+ l. Then:
(i) LO(k + 1, r, k; n+ l, n), where r = 0 or r = 1 and n > 1, is a finite geomet-
ric lattice when k = 0, l; and for 0 < k < l, LO(k + 1, r, k; n+ l, n), where
r = 0 or r = 1 and n > 1, is a finite atomic lattice, but not a geometric lattice.
(ii) LO(k, 0, k; n+ l, n) is a finite geometric lattice when 0 < k < l.
(iii) LO(n+ k, n, k; n+ l, n) is a finite geometric lattice when 0 < k < l.
(iv) LO(m, r, k; n+ l, n) is a finite atomic lattice, but not a geometric lattice when
2  m− k  n− 1.
Proof. The consequences of Theorem 3 and Corollaries 4.1–4.5 are also true for
the lattice LO(m, r, k; n+ l, n), we can apply these results directly to the lattice
LO(m, r, k; n+ l, n). By Corollary 4.1, {0} is contained in LO(m, r, k; n+ l, n)
if k < l, r < n. Thus LO(m, r, k; n+ l, n) is a finite lattice with {0} as its minimal
element. If r = n, the only subspace of type (n, n, 0) is the minimal element of
LO(m, n, k; n+ l, n) by Corollary 4.2. If k = l, the only subspace of type (l, 0, l)
is the minimal element of LO(m, r, l; n+ l, n) by Corollary 4.3. Hence for any
(m, r, k) satisfying condition (3), LO(m, r, k; n+ l, n) is a finite lattice with mini-
mal element.
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For any X ∈LO(m, r, k; n+ l, n), define
r(X) =


dimX − dim ⋂
P∈M(m,r,k;n+l,n)
P if X /= F(n+l)
q2
,
m+ 1 − dim ⋂
P∈M(m,r,k;n+l,n)
P if X = F(n+l)
q2
.
Clearly, condition (i) of Proposition 2.1 holds for the function r. Now let us show
that the function r satisfies condition (ii) of Proposition 2.1.
(1) If r = n, thenm = n+ k and k < l.By Lemma 5.1LO(n+ k, n, k; n+ l, n)  
LO(k, l), so r is the rank function of lattice LO(n+ k, n, k; n+ l, n).
(2) If k = l, then r < n. By Lemma 5.2 LO(m, r, l; n+ l, n)  LO(m− l, r; n),
so r is the rank function of lattice LO(m, r, l; n+ l, n).
(3) If r < n, k < l, by Corollary 4.1 we have ⋂P∈M(m,r,k;n+l,n) P = {0}. Thus for
any X ∈LO(m, r, k; n+ l, n), we have
r(X) =


dimX if X /= F(n+l)
q2
,
m+ 1 if X = F(n+l)
q2
.
Let U,V ∈LO(m, r, k; n+ l, n) and U  V. Assume that r(V )− r(U) > 1.
We want to prove that U < ·V does not hold, from which condition (ii) of Proposi-
tion 2.1 follows.
(a) If V = F(n+l)
q2
, then r(U) < m, i.e., dimU < m. Since U is the intersection of
subspaces in M(m, r, k; n+ l, n), there exists W ∈M(m, r, k; n+ l, n) such that
U < W < V = F(n+l)
q2
.
(b) If V /= F(n+l)
q2
, let V and U be of type (m1, r1, k1) and (m2, r2, k2) respec-
tively. Then both (m1, r1, k1) and (m2, r2, k2) satisfy conditions (10) and (11) by
Theorem 3, r(V ) = m1, r(U) = m2, m1 −m2  2. Since U ⊂ V, by Lemma 5.3,
there is a matrix representation V of the subspace V such that (14) holds and U =
〈v1, . . . , vm2−k2 , vm1−k1+1, . . . , vm1−k1+k2〉, where vi is the ith row vector of V (i =
1, 2, . . . , m1). We distinguish the following two cases:
(b1) k1  k2 + 1. Let W = 〈v1, . . . , vm1−1〉. Then W is of type (m1 − 1, r1,
k1 − 1). Clearly, (m1 − 1, r1, k1 − 1) satisfies (10). When 2(m− k) = n+ r, since
(m1, r1, k1) satisfy (11), we can prove that (m1 − 1, r1, k1 − 1) also satisfies (11). So
W ∈LO(m, r, k; n+ l, n). If k1 − k2  2, it is obvious that U ⊂ W ⊂ V. When
k1 − k2 = 1, U = 〈v1, . . . , vm2−(k1−1), vm1−k1+1, . . . , vm1−1〉 and W = 〈v1, . . . ,
vm1−k1 , vm1−k1+1, . . . , vm1−1〉 in this case. Since (m1 − k1)− [m2 − (k1 − 1)] =
m1 −m2 − 1  2 − 1 = 1, U < W < V.
(b2) k1 = k2. We distinguish the following three cases:
(b21) δ2 > 0, i.e., (m1 − k1)− (m2 − k2)− s − r3 > 0. Let W = 〈v1, . . . ,
vm1−k1−1, vm1−k1+1, . . . , vm1〉. Then W is of type (m1 − 1, r1, k1). Clearly, (m1 −
1, r1, k1) satisfies (10). When 2(m− k) = n+ r, we can prove that (m1 − 1, r1, k1)
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also satisfies (11). In fact, if (m1 − 1 − k1, r1) = (m− k − t − 1, r − 2t − 1) for
some integer t with 0  t  [(r − 1)/2], then m1 − k1 = m− k − t and r1 = r −
2t − 1, so 2(m− k)− 2(m1 − k1) = 2t < r − r1, a contradiction. Therefore, by
Theorem 3,W ∈LO(m, r, k; n+ l, n). Further (m1 − k1 − 1)− (m2 − k2) = m1 −
m2 − 1  1, we have U < W < V.
(b22) s > 0. Let W = 〈v1, . . . , vm2−k2 , vm2−k2+2, . . . , vm1−k1 , vm1−k1+1, . . . ,
vm1〉. Then W is of type (m1 − 1, r1 − 2, k1). Clearly, (m1 − 1, r1 − 2, k1) satisfies
(10). When 2(m− k) = n+ r, we can prove that (m1 − 1, r1 − 2, k1) also satisfies
(11). In fact, if (m1 − 1 − k1, r1 − 2) = (m− k − t1 − 1, r − 2t1 − 1) for some in-
teger t1 with 0  t1  [(r − 1)/2], then m1 − k1 = m− k − t1 and r1 = r − 2t1 +
1. From r − r1  0, we deduce that t1  1. Let t ′ = t1 − 1. Then t ′  0 and (m1 −
k1, r1) = (m− k − t ′ − 1, r − 2t ′ − 1), which also contradicts V ∈LO(m, r, k;
n+ l, n). Therefore W ∈LO(m, r, k; n+ l, n). Further (m1 − k1 − 1)− (m2 −
k2) = m1 −m2 − 1  1, U < W < V.
(b23) δ2 = s = 0. Then (m1 − k1)− (m2 − k2) = m1 −m2 = r3. Since m1 −
m2  2, r3  2. By Lemma 5.1 of [10], there is an element λ ∈ F∗q2 such that λλ¯ =
−1. Let W = 〈v1, . . . , vm1−k1−2, vm1−k1−1 + λvm1−k1 , vm1−k1+1, . . . , vm1〉. Then
W is of type (m1 − 1, r1 − 2, k1). Similar to (b22), we have W ∈LO(m, r, k; n+
l, n) and U < W < V.
In all these cases, if r(V )− r(U) > 1, U < ·V does not hold. Thus r is the rank
function of the lattice LO(m, r, k; n+ l, n).
In the following we will study the geometricity of lattice LO(m, r, k; n+ l, n).
(i) For lattice LO(k + 1, r, k; n+ l, n) (r = 0 or 1). If k = 0 or l, LO(k +
1, r, k; n+ l, n)  LO(1, r; n) by Lemma 5.2. From the results in [8], we know
that LO(1, r; n) (r = 0 or 1) is a geometric lattice, i.e., when k = 0 or l,LO(k +
1, r, k; n+ l, n) (r = 0 or 1) is a geometric lattice. For 0 < k < l. If r = 0, then
LO(k + 1, 0, k; n+ l, n) consists of {0}, F(n+l)q2 , all subspaces of type (k1 + 1, 0, k1)
and (k1, 0, k1) where 0  k1  k by Theorem 3. All subspaces of type (1, 0, 0) and
(1, 0, 1) are atoms of LO(k + 1, 0, k; n+ l, n). For any U ∈LO(k + 1, 0, k; n+
l, n) and U /= {0}, let dimU = k2 and u1, u2, . . . , uk2 be a basis of U. Then the〈ui〉’s are atoms (i = 1, 2, . . . , k2), and U = 〈u1〉 ∨ · · · 〈uk2〉. Hence LO(k + 1, 0,
k; n+ l, n) satisfies condition G1. Therefore,LO(k + 1, 0, k; n+ l, n) is an atomic
lattice when 0 < k < l. Let λ,µ ∈ F∗
q2
be two distinct solutions of the equation xx¯ =
−1 (see Lemma 5.1 of [10]), and let U = 〈e1 + λe2〉, W = 〈e1 + µe2〉. By The-
orem 3, U,W ∈LO(k + 1, 0, k; n+ l, n). But 〈U,W 〉 = 〈e1 + λe2, e1 + µe2〉 =
〈e1, e2〉 is of type (2, 2, 0), 〈U,W 〉 ∈LO(k + 1, 0, k; n+ l, n), so U ∨W =
F
(n+l)
q2
.We have r(U ∨W) = k + 2, r(U ∧W)= r(U ∩W)= 0, r(U)= r(W)= 1.
Since k > 0,
r(U ∨W)+ r(U ∧W) > r(U)+ r(W).
Hence (2) does not hold for U and W,LO(k + 1, 0, k; n+ l, n) is not a geometric
lattice when 0 < k < l.
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If r = 1, then LO(k + 1, 1, k; n+ l, n) consists of {0}, F(n+l)q2 , all subspaces of
type (k1 + 1, 1, k1) and (k1, 0, k1) where 0  k1  k by Theorem 3. All subspaces
of type (1, 1, 0) and (1, 0, 1) are atoms ofLO(k + 1, 1, k; n+ l, n). As in case r =
0, we know LO(k + 1, 1, k; n+ l, n) satisfies condition G1. Therefore, LO(k +
1, 1, k; n+ l, n) is an atomic lattice when 0 < k < l.
Let U = 〈e1〉,W = 〈e2〉. By Theorem 3, U,W ∈LO(k + 1, 1, k; n+ l, n). But
〈U,W 〉 = 〈e1, e2〉 is of type (2, 2, 0), 〈U,W 〉 ∈LO(k + 1, 1, k; n+ l, n), so U ∨
W = F(n+l)
q2
. We have r(U ∨W) = k + 2, r(U ∧W) = r(U ∩W) = 0, and r(U) =
r(W) = 1. Since k > 0,
r(U ∨W)+ r(U ∧W) > r(U)+ r(W).
Hence (2) does not hold for U and W,LO(k + 1, 1, k; n+ l, n) is not a geometric
lattice when 0 < k < l.
(ii) and (iii). By Lemma 5.1, LO(k, 0, k; n+ l, n)  LO(k, l), LO(n+ k, n,
k; n+ l, n)  LO(k, l). From the results in [8], we know thatLO(k, l) is a geomet-
ric lattice, i.e., LO(k, 0, k; n+ l, n) and LO(n+ k, n, k; n+ l, n) are geometric
lattices when 0 < k < l.
(iv) For lattice LO(m, r, k; n+ l, n) where 2  m− k  n− 1. If k = 0, l,
by Lemma 5.2, LO(m, r, 0; n+ l, n)  LO(m, r; n), LO(m, r, l; n+ l, n)  
LO(m− l, r; n). From the results in [8], we know that LO(m, r, k; n+ l, n) is a
finite atomic lattice, but not a geometric lattice when k = 0 or l and 2  m− k 
n− 1. Next, consider the case 0 < k < l. We distinguish the following two cases:
(a) r = 0. By Theorem 3, LO(m, 0, k; n+ l, n) consists of F(n+l)q2 and all sub-
spaces of type (m1, 0, k1), where 2(m− k)− 2(m1 − k1)  0 and 0  k1  k.
Clearly, all subspaces of type (1, 0, 0) and (1, 0, 1) are atoms of LO(m, 0, k; n+
l, n), and it can be proved as in (i) that G1 holds in LO(m, 0, k; n+ l, n).
Let λ,µ ∈ F∗
q2
be two distinct solutions of the equation xx¯ = −1, and let
U =
(
I (m−k−1) λI (m−k−1) 0 0 0
0 0 0 I (k) 0
)
m−k−1 m−k−1 n−2(m−k−1) k l−k
,
W = 〈e1 + µem−k, en+1, . . . , en+k〉.
Then U is of type (m− 1, 0, k), W is of type (k + 1, 0, k), and 〈U,W 〉 is of type
(m, 2, k), U ∩W is of type (k, 0, k). By Theorem 3, U,W ∈LO(m, 0, k; n+ l, n),
U ∩W ∈LO(m, 0, k; n+ l, n), 〈U,W 〉 ∈LO(m, 0, k; n+ l, n). So U ∨W =
F
(n+l)
q2
, we have r(U ∨W) = m+ 1, r(U ∧W) = k, r(U) = m− 1, and r(W) =
k + 1. Then
r(U ∨W)+ r(U ∧W) > r(U)+ r(W).
Hence (2) does not hold for U and W, LO(m, 0, k; n+ l, n) is not a geometric
lattice when 2  m− k  n− 1.
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(b) r  1. First we prove that G1 holds in LO(m, r, k; n+ l, n). It is easy to
verify that all subspaces of type (1, r1, 0) (r1 = 0 or 1) and (1, 0, 1) satisfy (10). If
2(m− k) < n+ r or 2(m− k) = n+ r and all subspaces of type (1, r1, 0) (r1 = 0
or 1) and (1, 0, 1), satisfying (10) are elements of LO(m, r, k; n+ l, n), then G1
can be proved in the same way as (i). Then consider the case when 2(m− k) = n+ r
and some subspaces of type (1, r1, 0) (r1 = 0 or 1) and (1, 0, 1) satisfying (10) do
not belong to LO(m, r, k; n+ l, n). Assume that a subspace of type (1, 0, 1) satis-
fying (10) does not belong to LO(m, r, k; n+ l, n); then there is an integer t, 0 
t  [(r − 1)/2] such that (1, 0, 1) satisfy (0, 0) = (m− k − t − 1, r − 2t − 1). So
r = (m− k)+ t, but 2(m− k) = n+ r and thus m− k = n+ t, which contradicts
m− k  n− 1. Hence, subspaces of type (1, 0, 1) satisfying (10) always belong to
LO(m, r, k; n+ l, n). Similarly, we know that subspaces of type (1, 1, 0) satisfy-
ing (10) always belong to LO(m, r, k; n+ l, n). Now assume that a subspace of
type (1, 0, 0) satisfying (10) does not belong to LO(m, r, k; n+ l, n); then there
is an integer t, 0  t  [(r − 1)/2] such that (1, 0, 0) satisfy (1, 0) = (m− k − t −
1, r − 2t − 1). Since 2(m− k) = n+ r and 2  m− k  n− 1, we must have n =
3, m− k = 2, and r = 1; i.e., LO(m, r, k; n+ l, n) =LO(k + 2, 1, k; 3 + l, 3).
By Theorem 3, LO(k + 2, 1, k; 3 + l, 3) contains all subspaces of type (1, 1, 0)
and type (1, 0, 1) but does not contain any subspace of type (1, 0, 0), and {0} ∈
LO(k + 2, 1, k; 3 + l, 3). So the atoms of LO(k + 2, 1, k; 3 + l, 3) are subspaces
of type (1, 1, 0) and (1, 0, 1). Clearly, 〈e1〉, 〈e2〉, 〈e3〉, 〈e3+1〉, . . . , 〈e3+l〉 are atoms
of LO(k + 2, 1, k; 3 + l, 3) and F(n+l)q2 = 〈e1〉 ∨ 〈e2〉 ∨ 〈e3〉 ∨ 〈e3+1〉 · · · ∨ 〈e3+l〉.
By Theorem 3, LO(k + 2, 1, k; 3 + l, 3) does not contain any subspace of type
(k1 + 1, 0, k1) where 0  k1  k. Suppose that U ∈LO(k + 2, 1, k; 3 + l, 3) \
{F(n+l)
q2
, {0}}, thenU is a subspace of type (k1, 0, k1), (k1 + 1, 1, k1) or (k1 + 2, 1, k1)
where 0  k1  k. If U is a subspace of type (k1, 0, k1), let v1, v2, . . . , vk1 be a basis
of U. Then 〈vi〉’s are atoms (i = 1, 2, . . . , k1), and U = 〈v1〉 ∨ 〈v2〉 ∨ · · · ∨ 〈vk1〉. If
U is a subspace of type (k1 + 1, 1, k1), let v1, v2, . . . , vk1 , vk1+1 be a basis of U. By
Theorem 3, 〈vi〉 (i = 1, 2, . . . , k1 + 1) is a subspace of either type (1, 1, 0) or type
(1, 0, 1), hence 〈vi〉’s are atoms (i = 1, 2, . . . , k1, k1 + 1), and U = 〈v1〉 ∨ 〈v2〉 ∨
· · · ∨ 〈vk1〉 ∨ 〈vk1+1〉. If U is a subspace of type (k1 + 2, 1, k1), then we can assume
U = 〈u1, u2, v1, . . . , vk1〉 such that

u1
u2
v1
...
vk1

 Il


u1
u2
v1
...
vk1


t
=

1 0
0(k1)

 .
Then 〈u1〉, 〈u1 + u2〉, 〈v1〉, . . . , 〈vk1〉 are atoms of LO(k + 2, 1, k; 3 + l, 3), and
U = 〈u1〉 ∨ 〈u1 + u2〉 ∨ 〈v1〉 ∨ · · · ∨ 〈vk1〉. Hence G1 holds in the case LO(k +
2, 1, k; 3 + l, 3). Therefore, LO(m, r, k; n+ l, n) is a finite atomic lattice when
r  1.
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Next, we prove that there are U,W ∈LO(m, r, k; n+ l, n) such that (2) does
not hold when r  1. We further distinguish the following two cases:
(b1) m− k = r. From 2  (m− k)  n− 1, we deduce that (m− k)− 2  0
and n− (m− k)  1. Let
U =

I ((m−k)−2) 0 0 0 0 00 1 λ 0 0 0
0 0 0 0 I (k) 0


(m−k)−2 1 1 n−(m−k) k l−k
and W = 〈en, en+1, . . . , en+k〉. Then U is of type (m− 1, m− k − 2, k), W is of
type (k + 1, 1, k) and 〈U,W 〉 is of type (m,m− k − 1, k), U ∩W is of type (k, 0, k).
(b2) m− k > r. Then (m− k)− r − 1  0. Let
U =

I (r) 0 0 0 0 00 I (m−k−r−1) λI (m−k−r−1) 0 0 0
0 0 0 0 I (k) 0


r m−k−r−1 m−k−r−1 n+r−2(m−k)+2 k l−k
and W = 〈en, en+1, . . . , en+k〉. Then U is of type (m− 1, r, k), W is of type
(k + 1, 1, k) and 〈U,W 〉 is of type (m, r + 1, k), U ∩W is of type (k, 0, k).
In all of these cases, by Theorem 3, U,W ∈LO(m, r, k; n+ l, n), U ∩W ∈
LO(m, r, k; n+ l, n), 〈U,W 〉 ∈LO(m, r, k; n+ l, n). Thus U ∨W = F(n+l)q2 , we
have r(U ∨W) = m+ 1, r(U ∧W) = k, r(U) = m− 1, and r(W) = k + 1. Then
r(U ∨W)+ r(U ∧W) > r(U)+ r(W).
Thus (2) does not hold for U and W.
Hence, LO(m, r, k; n+ l, n) is a finite atomic lattice, but not a geometric lattice
when 2  m− k  n− 1. 
Theorem 5. Let n, l be nonnegative integers and n+ l > 0. Assume that (m, r, k)
satisfies condition (3) and 1  m < n+ l. Then:
(i) LR(k + 1, r, k; n+ l, n), where r = 0 or r = 1 and n > 1, is a finite geomet-
ric lattice when k = 0, l; and for 0 < k < l, LO(k + 1, r, k; n+ l, n), where
r = 0 or r = 1 and n > 1, is a finite atomic lattice, but not a geometric lattice.
(ii) LR(k, 0, k; n+ l, n) is a finite geometric lattice when k = 1, l − 1; and for 2 
k  l − 2,LR(k, 0, k; n+ l, n) is a finite atomic lattice, but not a geometric
lattice.
(iii) LR(n+ k, n, k; n+ l, n) is a finite geometric lattice when k = 1, l − 1; and
for 2  k  l − 2,LR(n+ k, n, k; n+ l, n) is a finite atomic lattice, but not a
geometric lattice.
(iv) LR(n− 1 + k, r, k; n+ l, n), where r = n− 2 or n− 1 and n > 1, is a finite
geometric lattice when k = 0, l; and for 0 < k < l, LR(n− 1 + k, r, k; n+
l, n), where r = n− 2 or n− 1 and n > 1, is a finite atomic lattice, but not a
geometric lattice.
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(v) LR(m, r, k; n+ l, n) is a finite atomic lattice, but not a geometric lattice when
2  m− k  n− 2.
Proof. It is known that if (m, r, k) satisfies the condition (3) and 1  m < n+
l,LR(m, r, k; n+ l, n) is a finite atomic lattice with F(n+l)q2 as its minimal element.
For any X ∈LR(m, r, k; n+ l, n), define
r ′(X) =


m+ 1 − dimX if X /= F(n+l)
q2
,
0 if X = F(n+l)
q2
.
(15)
Then r ′ :LR(m, r, k; n+ l, n)→ N is the rank function of the lattice LR(m, r, k;
n+ l, n).
(i) For LR(k + 1, r, k; n+ l, n), where r = 0 or r = 1 and n > 1. If k = 0 or
l, LR(k + 1, r, k; n+ l, n)  LR(1, r; n) by Lemma 5.2. From the results in [8],
we know that LR(1, r; n) (r = 0 or 1) is a finite geometric lattice, i.e., LR(k +
1, r, k; n+ l, n) (r = 0 or 1 and n > 1) is a finite geometric lattice when k = 0, l.
If 0 < k < l, then l > 1. First, consider the case r = 0. Let λ,µ ∈ F∗
q2
be two dis-
tinct solutions of the equation xx¯ = −1, and U = 〈e1 + λe2, en+1, . . . , en+k〉 and
W = 〈e1 + µe2, en+2, . . . , en+k+1〉. Then U and W both are of type (k + 1, 0, k),
〈U,W 〉 is of type (k + 3, 2, k + 1), U ∩W is of type (k − 1, 0, k − 1). By Theorem
3, 〈U,W 〉 ∈LR(k + 1, 0, k; n+ l, n), U ∩W ∈LR(k + 1, 0, k; n+ l, n). Conse-
quently, U ∧W = F(n+l)
q2
, U ∨W = U ∩W = 〈en+2, . . . , en+k〉, r ′(U ∧W) = 0,
r ′(U ∨W) = 3, and r ′(U) = r ′(W) = 1. Hence
r ′(U ∧W)+ r ′(U ∨W) > r ′(U)+ r ′(W).
That is, (2) does not hold for U and W. Therefore, when 0 < k < l and r = 0,
LR(k + 1, 0, k; n+ l, n) is not a geometric lattice.
Next, consider the case r = 1. Let U = 〈e1, en+1, . . . , en+k〉 and W = 〈e1, en+2,
. . . , en+k+1〉. Then U and W both are of type (k + 1, 1, k), 〈U,W 〉 is of type (k +
3, 2, k + 1), U ∩W is of type (k − 1, 0, k − 1). By Theorem 3, 〈U,W 〉 ∈LR(k +
1, 1, k; n+ l, n), U ∩W ∈LR(k + 1, 1, k; n+ l, n). Consequently, U ∧W =
F
(n+l)
q2
, U ∨W = U ∩W = 〈en+2, . . . , en+k〉, r ′(U ∧W) = 0, r ′(U ∨W) = 3, and
r ′(U) = r ′(W) = 1. Hence
r ′(U ∧W)+ r ′(U ∨W) > r ′(U)+ r ′(W).
That is, (2) does not hold for U and W. Therefore, when 0 < k < l and r = 1,
LR(k + 1, 1, k; n+ l, n) is not a geometric lattice.
(ii) and (iii). By Lemma 5.1,LR(k, 0, k; n+ l, n)  LR(k, l),LR(n+ k, n, k;
n+ l, n)  LR(k, l). From the results in [8], if k = 1, l − 1,LR(k, l) is a finite
geometric lattice; if 2  k  l − 2,LR(k, l) is finite atomic lattice, but not a geo-
metric lattice. Then we get the consequences of (ii) and (iii).
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(iv) By Lemma 5.2,LR(n− 1 + k, r, k; n+ l, n)  LR(n− 1, r; n)(r = n− 2
or n− 1) when k = 0, l. From the results in [8], LR(n− 1, r; n)(r = n− 2 or n−
1) is a finite geometric lattice, i.e.,LR(n− 1 + k, r, k; n+ l, n) is a finite geometric
lattice when k = 0, l. If 0 < k < l, then l > 1. First, consider the case r = n−
2. Let U = 〈e1 + λe2, e3, . . . , en, en+1, . . . , en+k〉 and W = 〈e1 + µe2, e3, . . . , en,
en+2, . . . , en+k+1〉. Then U and W both are of type (n− 1 + k, n− 2, k), 〈U,W 〉
is of type (n+ k + 1, n, k + 1), U ∩W is of type (n− 2 + k − 1, n− 2, k − 1). By
Theorem 3, 〈U,W 〉 ∈LR(n− 1 + k, n− 2, k; n+ l, n), U ∩W ∈LR(n− 1 + k,
n− 2, k; n+ l, n).Consequently,U ∧W = F(n+l)
q2
, U ∨W = U ∩W, r ′(U ∧W) =
0, r ′(U ∨W) = 3, and r ′(U) = r ′(W) = 1. Hence
r ′(U ∧W)+ r ′(U ∨W) > r ′(U)+ r ′(W).
That is, (2) does not hold for U and W. Therefore, when 0 < k < l and r = n− 2,
LR(n− 1 + k, r, k; n+ l, n) is not a geometric lattice.
Next, consider the case r = n− 1. Let U = 〈e1, e3, . . . , en, en+1, . . . , en+k〉 and
W = 〈e2, e3, . . . , en, en+2, . . . , en+k+1〉. Then U and W both are of type (n− 1 +
k, n− 1, k), 〈U,W 〉 is of type (n+ k + 1, n, k + 1), U ∩W is of type (n− 2 +
k − 1, n− 2, k − 1). By Theorem 3, 〈U,W 〉 ∈LR(n− 1 + k, n− 1, k; n+ l, n),
U ∩W ∈LR(n− 1 + k, n− 1, k; n+ l, n). Consequently, U ∧W = F(n+l)q2 , U ∨
W = U ∩W, r ′(U ∧W) = 0, r ′(U ∨W) = 3, and r ′(U) = r ′(W) = 1. Hence
r ′(U ∧W)+ r ′(U ∨W) > r ′(U)+ r ′(W).
That is, (2) does not hold for U and W. Therefore, when 0 < k < l and r = n− 1,
LR(n− 1 + k, r, k; n+ l, n) is not a geometric lattice.
(v) For lattice LR(m, r, k; n+ l, n), where 2  m− k  n− 2.
When m− k − r = 0, let
U = 〈e1, . . . , em−k, en+1, . . . , en+k〉,
W = 〈en−(m−k)+1, . . . , en, en+1, . . . , en+k〉.
Then U,W ∈M(m, r, k; n+ l, n) ⊂LR(m, r, k; n+ l, n). Since 2  m− k 
n− 2, en−1, en ∈ U.
When m− k − r = 1, let
U = 〈e1, . . . , er , λer+1 + er+2, en+1, . . . , en+k〉
W = 〈e2, . . . , er , µer+1 + er+2, er+3, en+1, . . . , en+k〉.
Then U,W ∈M(m, r, k; n+ l, n) ⊂LR(m, r, k; n+ l, n). Since 2  m− k 
n− 2, 1  r  n− 3, µer+1 + er+2, er+3 ∈ U.
When m− k − r  2, let
U = 〈e1, . . . , er , λer+1 + e(m−k)+1, . . . , λer+(m−k−r)
+ e(m−k)+(m−k−r), en+1, . . . , en+k〉,
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W = 〈e1, . . . , er , µer+1 + e(m−k)+1, . . . , µer+(m−k−r)
+ e(m−k)+(m−k−r), en+1, . . . , en+k〉.
Then U,W ∈M(m, r, k; n+ l, n) ⊂LR(m, r, k; n+ l, n). Since 2  m− k 
n− 2, 0  r  n− 4, µer+1 + e(m−k)+1, µer+2 + e(m−k)+2 ∈ U.
In all of these cases, dim〈U,W 〉  m+ 2, dim(U ∩W)  m− 2. Consequently,
U ∧W = F(n+l)
q2
, r ′(U ∧W) = 0, r ′(U ∨W) = m+ 1 − dim(U ∩W)  m+ 1 −
(m− 2) = 3, and r ′(U) = r ′(W) = 1. Thus
r ′(U ∧W)+ r ′(U ∨W) > r ′(U)+ r ′(W)
That is, (2) does not hold for U and W. Hence LR(m, r, k; n+ l, n) is not a geo-
metric lattice when 2  m− k  n− 2. 
6. Characteristic polynomial of lattice LR(m, r, k;n+ l, n)
Now let (m, r, k) satisfy 0  k  l, 2r  2(m− k) < n+ r, and 1  m < n+ l.
Define the characteristic polynomial of LR(m, r, k; n+ l, n) to be
χ(LR(m, r, k; n+ l, n), t) =
∑
P∈LR(m,r,k;n+l,n)
µ(0, P )tr ′(1)−r ′(P ),
where 0 and 1 are the smallest and largest element of LR(m, r, k; n+ l, n) respec-
tively, µ is the Möbius function, and r ′ is the rank function of LR(m, r, k; n+ l, n)
defined as (15).
Theorem 6. Let n, l be nonnegative and n+ l > 0. Assume that (m, r, k) satisfies
0  k  l, 2r  2(m− k) < n+ r, and 0  m < n+ l. Then
χ(LR(m, r, k; n+ l, n), t)
= tm+1 −
k∑
k1=0
r∑
r1=0
m−[(r−r1+1)/2]−(k−k1)∑
m1=r1+k1
N(m1, r1, k1; n+ l, n)gm1(t),
where gm1(t) =
∏m1−1
i=0 (t − q2i ) is the Gauss polynomial, N(m1, r1, k1; n+ l, n) =
|M(m1, r1, k1; n+ l, n)| is the number of subspaces of type (m1, r1, k1) in F(n+l)q2
(see [10]).
The proof of the Theorem 6 is similar to the one of Theorem 5 in [4] and will be
omitted.
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